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a b s t r a c t
The recent application of the diagonal dominance in the development of the optimization
algorithms in the wireless sensor networks design, has been done by Yuan and Yu (2006)
[14], extended in Yu et al. (2006) [9], and surveyed in Machado and Tekinay [11]. In this
paper, we will use the concept of generalized diagonal dominance, to improve the obtained
results regarding the power control game, in three directions. We also discuss the applicability of such improvements.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
A typical wireless sensor network consists of a large number of sensors, which make local measurements of the observed
phenomenon, quantify the data, and transfer it back to a central estimation ofﬁce. Such wireless sensor networks occur in a
wide range of applications, where the main challenge is to overcome the overall data distortion that originate from the
shared transmission medium, and to use the power resources in the most efﬁcient way. Usually, this is modeled as a network
optimization problem. For more details, see [9,11].
In [13], Yuan and Yu decomposed this optimization problem into two disjoint subproblems: a power control subproblem
at the physical layer, and a source coding subproblem at the application layer. In their consequent paper [14], they adopted a
game theoretic approach to solve each subproblem.
In this paper we will focus on the power allocation optimization problem at the physical layer, and improve one of the
main results of [14] in three directions:
 We generalize sufﬁcient conditions under which both games from [14] have a unique and stable Nash equilibrium.
 We introduce more freedom in the management of the power resources, by modifying the original power control game.
 We introduce modiﬁed version of the power control algorithm, proposed in [14], which behaves better in certain network
settings.
2. Preliminaries
In order to make this paper more easy to read, we will repeat the main setting of the wireless sensor network optimization, given in [14]. In fact, this section should be considered as a slightly modiﬁed quotation of Section 1 from [14].
In a wireless sensor network, the design goal is to minimize the total distortion, by jointly optimizing source coding and
power allocation, which can be formulated as follows:
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minimize aT d
subject to s 2 RðdÞ;

c 2 CðpÞ;

4799

ð1Þ

Ac P s;

where a is a vector, representing the relative emphasis on different elements of the distortion vector d, s is a set of source
rates at each node, c is a set of link capacities, and p is the power consumption vector. RðdÞ is a fundamental concept in
source coding, called the rate-distortion region. The constraint s 2 RðdÞ models the inter-dependence of the distortion
on the source rates. CðpÞ is a fundamental concept in channel coding, called the capacity region. The constraint c 2 CðpÞ
models the inter-dependence of the link capacity vector on the power consumption. The last inequality Ac P s reﬂects
the fact that the source rate at each node must be less than the link capacity support. Here, A is an m  n node-incident
matrix with m nodes and n links, which, using the multi-commodity ﬂow routing model [3] can be characterized with:

8
if i is a starting node for the link j;
>
< 1;
ai;j ¼ 1; if i is an end node for the link j;
>
:
0;
otherwise:

ð2Þ

Applying the dual decomposition technique [14] the joint optimization problem (1) can be, further, decoupled into two distinct subproblems: a power control subproblem at the physical layer

maximize lT c

ð3Þ

subject to c 2 CðpÞ;
and a source coding subproblem at the application layer

minimize aT d þ kT s

ð4Þ

subject to s 2 RðdÞ;

where l is related to the dual variable k by the link price consistency equations lT = kTA. The Lagrange multipliers k and l have
the interpretation of being the shadow prices coordinating the application layer demand and the physical layer supply.
Now, using the game theory setup, we address the physical layer subproblem that concerns the transmission interference
among nearby sensors. Interference management is one of the main challenges in the physical layer design of wireless networks. A key concept at the physical layer is the achievable capacity region, which characterizes a tradeoff between achievable capacities at different links.
We consider a network, where, for every link i 2 N, gi,i, pi, and ni are the link gain, the power action, and the noise of the link,
respectively. By gi,j we denote the gain of the interference from link j to link i. The values of the gain matrix G = [gi,j] 2 Rn,n and
the noise vector n are generally obtained through some estimation techniques, and they characterize the channel1 statistics.
Further, we assume that each node has a certain power budget, such that the power action of the link i is limited by pmax
, i.e.,
i


max
max T
p 6 pmax :¼ pmax
. Thus, the power control subproblem (3) with a physical-layer interference model may be for1 ; p2 ; . . . ; pn
mulated as:

find

0 6 p 6 pmax that maximizes

P
i2N

li c i ;

where ci :¼ logð1 þ SINRi Þ;
g p
SINRi ¼ P i;i i
;

ð5Þ

g p þni
j2Nnfig i;j j

where ci is the capacity of the link i 2 N, and SINRi is its signal to interference and noise ratio.
Because of the interference, the power control subproblem (5) is a nonconvex optimization problem that is inherently
difﬁcult to solve. The game theory was used to approach this problem iteratively, and solve it. In a power control game that
is deﬁned in the sequel, each link is modeled as a player with an aim of maximizing its payoff function. In the conventional
game theoretic approaches, each link uses its own achievable rate as the payoff function. Competitive equilibria in such a
game may not correspond to desirable operating points, especially when the interference level is high. Thus, the payoff function proposed in [14] is such that each player’s (i.e. link’s) payoff includes not only its achievable rate, but also the interference effect to other links. Hence, a tax mechanism was introduced into the game, so that the players will have an incentive to
intelligently avoid interference, by keeping the signal to interference and noise ratio as high as possible, while, at the same
time, tending to minimize the overall power usage.
Mathematically, such a power control game consists from the i-th player strategy to maximize its payoff function Qi, while
paying the tax rate ti, and performing the action pi. It can be can be expressed as follows:

maximize

Q i :¼ li logð1 þ SINRi Þ  t i pi ;

subject to 0 6 pi 6 pmax
;
i

ð6Þ

where the tax rate for the link i 2 N, that was proposed in [14], is the rate at which other users’ achievable data rates decrease, with an additional amount of power of the link i, i.e.,
1

For simplicity, we consider the case when each link has one channel. The realistic case can be modeled in the same way.
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Lj. Cvetković, V. Kostić / Applied Mathematics and Computation 218 (2012) 4798–4805

 P

X
@ k2Nnfig lk ck 
¼
ti :¼ 

@p
i

lk g k;i

:
g k;k pk SINR1
1 þ SINR1
k
k

k2Nnfig

ð7Þ

Here, more power link i uses, more interference it will produce to others, and, therefore, more tax (i.e., tipi) it has to pay.
The power vector p that solves the optimization problem (5) is, exactly, the Nash equilibrium of the power control game
(6). Since, in general, not every game has a Nash equilibrium, and neither is the equilibrium necessarily stable, at ﬁrst, the
goal is to prove the existence, uniqueness and stability of the Nash equilibrium for the power control game. Then, the aim is
to design a distributed iterative algorithm that will converge to that equilibrium.
In [14], a power control game algorithm is proposed. It consists of two phases: the power update, and the tax update. The
power update is based upon the fact that, at each step, every player i 2 N tries to maximize its own payoff Qi, while assuming
that the power levels of all other players and the taxes are ﬁxed. The expression for such an optimal pi is, then, obtained by
i
setting the derivative Qi with respect to pi to zero, i.e., @Q
¼ 0, and it is called the best response function of the player i, denoted
@pi
by Bi(p). In such a way we have obtained a locally optimal power vector p⁄, with the property that for every i 2 N; pi strikes a
balance between maximizing its own rate and minimizing its interference to other links (which is taken into account via ti). For
example, a large value of tax rate ti indicates that the link i is producing severe interference to other links. This is reﬂected in the
power update, as the larger ti leads to a lower pi. Although each player appears to be selﬁsh in maximizing only its own payoff,
since the payoff function incorporates social welfare, the Nash equilibrium of this game is, in fact, a cooperative social optimum.
i
Therefore, calculating the locally optimal power vector p⁄ consists in solving the system of equations @Q
¼ 0, for i 2 N,
@pi
which can be expressed in an equivalent form as p = B(p) :¼ [B1(p), B2(p), . . ., Bn(p)]T. Thus, p⁄ can be seen as a ﬁxed point
of the best response vector function. This approach was used in [14] to obtain the existence, uniqueness and the dynamical
i
stability of the power control game. Here, we will write the system @Q
¼ 0, for i 2 N, in a matrix form:
@p
i

Gp ¼ DG D1
t l  n;

ð8Þ

n,n

where G = [gi,j] 2 R is the gain matrix of the links in the wireless network, DG :¼ diag(g1,1,g2,2, . . ., gn,n) its diagonal part,
Dt :¼ diag(t1, t2, . . ., tn) diagonal matrix of the tax rates, n 2 Rn the noise vector, and l 2 Rn is the vector of dual variables. This
formulation of the problem will alow us to generalize the work of Yuan and Yu in the next section.
Once locally optimal power vector is obtained, the algorithm proceeds with the tax rate update, using the formula (7). As
it was given in [14], tax rate can be expressed through the signal to noise ratios in the form that is convenient for the distributed implementation. Here distributed implementation signiﬁes that the tax rate update is directly calculated from the
information that is received through each individual link. Namely,

X

ti ¼

g i;j bj ;

ði 2 NÞ;

ð9Þ

j2Nnfig

where

bi ¼ li

SINRi SINRi
g i;i pi 1 þ SINRi

ð10Þ

is the broadcast message of the link i 2 N.
Although it is clear that the tax rate vector t is calculated from the actual power vector p, in each power update step this
vector is ﬁxed, and therefore the system (8) is the system of linear equations with the system matrix G.
Finally, we give the power control game algorithm from [14] in an equivalent form, more suitable for the discussion given
in the last section.
2.1. Power control game algorithm
1. Initialize p(0) and t(0), and set l = 0.
2. Iteratively determine p⁄, such that

Gp ¼ DG D1
t ðlÞ l  n;



ðlÞ ðlÞ
, and set p(l+1) :¼ p⁄.
where DtðlÞ :¼ diag t 1 ; t 2 ; . . . ; tðlÞ
n
3. For each link i 2 N, calculate signal to noise ratio
ðlþ1Þ

ðlþ1Þ

SINRi

¼ P

g i;i pi

j2Nnfig

ðlþ1Þ

g i;j pj

þ ni

;

and the broadcast message
ðlþ1Þ

ðlþ1Þ

bi

¼ li

SINRi

ðlþ1Þ
g i;i pi

ðlþ1Þ

SINRi

ðlþ1Þ

1 þ SINRi

:
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4. For each link i 2 N, update the tax rate
ðlþ1Þ

ti

X

¼

ðlþ1Þ

g i;j bj

j2Nnfig

5. Set l :¼ l + 1, and return to step 2. until convergence.
3. Generalized diagonal dominance
Strict diagonal dominance is a matrix property that was extensively investigated during the last century. It’s main applications were in determining nonsingularity of matrices, in development of various eigenvalue localization techniques, in
obtaining convergence results for matrix iterative methods and many others. During the years, many generalizations of
strictly diagonally dominant (SDD) matrices were obtained. In this section, we will brieﬂy recall some of them.
Given an arbitrary matrix A = [ai,j] 2 Cn,n, we denote the set of indices by N :¼ {1, 2, . . ., n}, and

ri ðAÞ :¼

X

jai;j j ði 2 NÞ

ð11Þ

j2Nnfig

is called the i-th deleted absolute row sum.
Theorem 3.1. Let A = [ai,j] 2 Cn,n be an arbitrary matrix. If

jai;i j > r i ðAÞ for all i 2 N;

ð12Þ

then A is nonsingular.
Matrices that satisfy the condition (12) are called strictly diagonally dominant matrices, or, brieﬂy, SDD matrices. Their
beauty lies in the fact that, while it takes a lot of computation to determine whether det(A) is equal to zero or not, the condition (12) is rather easy to verify. Nonsingularity of SDD matrices is, in fact, a starting point for many other interesting results. Deﬁnitely, one of the most famous is Geršgorin theorem about the region of complex plane that contains eigenvalues of
a given matrix.
Given an arbitrary square matrix A = [ai,j] 2 Cn,n, the set of its eigenvalues is called the spectrum, and is denoted by r(A),
i.e.,

rðAÞ :¼ fk 2 C : detðkIn  AÞ ¼ 0g:

ð13Þ

Additionally, we deﬁne

8
< Ci ðAÞ :¼ fz 2 C : jz  ai;i j 6 r i ðAÞg;
S
Ci ðAÞ:
: CðAÞ :¼

ði 2 NÞ;
ð14Þ

i2N

Theorem 3.2. (Geršgorin theorem) Given an arbitrary matrix A = [ai,j] 2 Cn,n, let k be its eigenvalue. Then, there exists an index
k 2 N, such that

jk  ak;k j 6 r k ðAÞ;

ð15Þ

implying that k 2 Ck(A), and, therefore k 2 C(A). Since k 2 r(A) is arbitrary, consequently, it follows that

rðAÞ # CðAÞ:

ð16Þ

Using these two very well known results, Yuan and Yu obtained the main result of [14]. But, in the theory of matrices, one
can ﬁnd another, also very well known, class of nonsingular matrices that can be used for the same purpose.
Deﬁnition 3.3. Given an arbitrary matrix A = [ai,j] 2 Cn,n, if there exists an (entrywise) positive vector x = [x1, x2, . . ., xn]T 2 Rn,
such that AX is strictly diagonally dominant matrix, where X :¼ diag(x1,x2, . . ., xn), then, the matrix A is generalized
diagonally dominant, or, brieﬂy, a GDD matrix. Matrix X used above, is called a scaling matrix.
Matrices of the previous deﬁnition are also known in the literature as nonsingular H-matrices, for more details see [2,5,6].
4. Improvement of the stability criteria for power control game
In [14], one of the main results is that, under the condition that the gain matrix G is an SDD matrix, the power control
game is asymptotically stable, and it (more precisely, its power control game algorithm) always converges to the unique
Nash equilibrium. But, through the simulations, the authors have noticed that, even if this condition is not satisﬁed, the
power control game could converge nicely. Namely, although it may seam as a natural condition, SDD property of the overall
gain matrix G could be ruined, due to the stronger interferences inherent to the link topology, or to the state of the medium,
through which the carrier wave is propagated. But, sometimes, while the augmented interference rates, that come from the
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P
speciﬁc links, are such that, for some link i 2 N, the link gain gi,i is dominated by the interferences from other links j2Nnfig g i;j ,
these interferences will not cross the point at which the power control algorithm fails. Therefore, a natural question is
whether we can improve known theoretical results, in order to guarantee the convergence and the stability of the power
control game, and its iterative procedure, in wider range of real situations. So, here we formulate the generalization of
the Yuan-You’s theorem on the stability and the convergence of the power control game.
Theorem 4.1. Given a wireless sensor network with certain link topology, let G = [gi,j] 2 Rn,n, G P O, be the overall gain matrix,
and n 2 Rn, n P 0, the overall link noise vector. If G is a generalized diagonally dominant matrix, then the power control game,
given by (6), where the tax rate vector t is deﬁned by (7), has a unique stable Nash equilibrium p⁄. Moreover, the game is
asymptotically stable, and the power control game algorithm converges to p⁄, for each starting nonnegative vectors p(0), t(0) 2 Rn.
Proof. First, for every i 2 N, the payoff function Qi, given in (6), of the link (player) i is continuous in p, and strictly concave in


pi (which can be veriﬁed by computing its Hessian). Hence, since the i-th link action proﬁle 0; pmax
is a compact convex set,
i
by Theorem 4.3 in [1], it follows that the power control game has at least one pure Nash equilibrium, which can be found as
an intersection point of the reaction curves of all the players. Namely, if by p⁄ we denote Nash equilibrium of the game (6), p⁄
satisﬁes the system of linear Eq. (8), i.e., Gp ¼ DG D1
t l  n. But, since G is a GDD matrix, it is nonsingular, and, thus,
p ¼ G1 ðDG D1
t l  nÞ is the unique Nash equilibrium of the power control game (6).
In order to prove that this (local) Nash equilibrium is stable, as in [14], we prove the asymptotic stability of the game (6).
We will use the concept of the best response function B(p), and the dynamic stability matrix D :¼ [Di,j], where Di;j :¼ @B@pi ðpÞ, for
j
i,j 2 N. According to [8], the game is asymptotically stable if all the eigenvalues of the dynamic stability matrix lie in the unit
circle, i.e., if q(D) < 1.
In our case, for i 2 N, the best response of the link i is:

Bi ðpÞ ¼

li
ti



1
g i;i

X

!
g i;j pj þ ni ;

j2Nnfig

and, thus,

Di; j ¼

g i;j
@Bi ðpÞ
¼ ;
@pj
g i;i

for j 2 Nn{i}, while Di,i = 0.
Now, since G P O is a GDD matrix, there exists a positive diagonal matrix X = diag(x1, x2, . . ., xn), such that GX is an SDD
matrix, i.e.,

g i;i xi >

X

g i;j xj ;

ði 2 NÞ;

j2Nnfig

or, equivalently,

ri ðX 1 DXÞ ¼

X g i;j xj
< 1;
g x
j2Nnfig i;i i

ði 2 NÞ:

On the other hand,

rðDÞ # CðX 1 DXÞ ¼

[

Ci ðX 1 DXÞ:

i2N

So, for every eigenvalue k 2 r(D) = r(X1D X), there exists i 2 N, such that

jk  Di;i j 6 r i ðDÞ;
and consequently jkj < 1. To complete the proof, we observe that the sequence of tax rates is convergent, and therefore, the
power control algorithm converges for every starting vectors p(0),t(0) 2 Rn. h
Before we continue, it is interesting to note that the topology of the wireless network can lead to speciﬁc structure of the
matrix G. Namely, knowing that the interferences between the links occur if the links are ‘‘close’’ to each other, for certain
network topologies we can have speciﬁc patterns of matrix entries. Therefore, matrix properties, like block forms and reducibility, could be used, in order to obtain different improvements in modeling wireless sensor networks.
Although it seams rather difﬁcult to check if a given matrix is GDD, comparing to the property SDD, one can ﬁnd many
generalizations of SDD matrices in the form of subclasses of GDD matrices which are not so difﬁcult to check. Many of these
classes of matrices can be found in [5,6,10,12]. Here we will emphasize one of them, S-SDD matrices, since it can be used to
improve the optimization result in the speciﬁc network settings.
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Theorem 4.2 [10]. Let A = [ai, j] 2 Cn,n, with n P 2, be an arbitrary matrix, and let S # N be a nonempty subset of indices. If, for
every two indices i 2 S, and j 2 S :¼ N n S,

jai;i j > r Si ðAÞ; and


 
jai;i j  r Si ðAÞ  jaj;j j  r Sj ðAÞ > r Si ðAÞr Sj ðAÞ;

ð17Þ
ð18Þ

P
holds, where r Si ðAÞ :¼ j2Snfig jai;j j, then A is nonsingular.
In the literature, matrices deﬁned in the previous theorem are called S-strictly diagonally dominant matrices, or just SSDD matrices, where S is the ﬁxed set of indices for which the conditions (17) and (18) hold.
Actually, for this class of matrices, form of the scaling matrix is explicitly known, for more details see [7], and this will be
the main point of our next improvement.
5. Optimizing the power deﬁcient network nodes
Another interesting application of the generalized diagonal dominance lies in the usage of S-SDD matrices, of Theorem 4.2,
and the underlying scaling technique. Namely, if the overall gain matrix G is an SDD matrix, it is an S-SDD matrix, too, for an
arbitrary set of links S # N. Therefore, we can use the information contained in the adequate scaling matrix X, in order to
introduce more freedom in the management of the power resources. Namely, given the multi-hop wireless sensor network
with the SDD overall gain matrix G, assume that several nodes work with the severe power constraints, but due to the their
location in the network topology, they have to be deployed for measuring and/or transmitting. In this case, we would like to
prolong the life time of such relays, and the overall optimization of such network should additionally minimize the power
action of such links, while achieving the Nash equilibrium of the power control game, which maximizes the overall network
capacity. To address this issue, we will use the scaling technique developed in [7].
First, let M0 be the set of nodes that are having restrictive power consumption. Having the node-link incidence matrix
A = [ai,j], given by (2), we deﬁne the set of power restricted links L :¼ {j 2 N : ai,j = 1, i 2 M0}. Since the gain matrix G is an
SDD matrix, then it is also an S-SDD, where S = L, i.e., meaning that for each i 2 L, and every j 2 L :¼ N n L,

ðg i;i  r Li ðGÞÞðg j;j  rLj ðGÞÞ > r Li ðGÞr Lj ðGÞ;

and

g i;i > r Li ðGÞ;
where rLi ðAÞ :¼

P

j2Lnfig g i;j .

aL ðGÞ :¼ min
i2L

But, deﬁning the quantities aL(G) and bL(G), as follows

r Li ðGÞ
ðg i;i  r Li ðGÞÞ

and

bL ðGÞ :¼

max

g j;j  r Lj ðGÞ

j2L;r Lj ðGÞ–0

r Lj ðGÞ

;

as suggested in [7], we can see that

0 6 aL ðGÞ < 1 < bL ðGÞ;
e :¼ GX is SDD, where X = diag(x1, x2, . . ., xn), with
and that for each c 2 (aL(G), bL(G)), the matrix G

xj ¼

c; if j 2 L;
1; otherwise:

Thus, by setting e
p i :¼ pxii , for i 2 N, the power control game (6) becomes

g i Þ  et i e
Q i :¼ li logð1 þ SINR
pi ;
max
e
by changing 0 6 p i 6 pi ;

maximize

ð19Þ

where the tax rate et i :¼ t i xi , for each link i 2 N, satisﬁes

et i :¼

X
k2Nnfig

lkeg k;i
;
g 1
g
e
e
1 þ SINR
g k;k p k SINR 1
k
k

g i :¼ P eg i;iep i
and SINR
, for i 2 N.
eg ep þni
j2Nnfig i;j j

ð20Þ
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e is SDD, using Theorem 4.1, we have that the game (19) is asymptotically stable, and we
Now, having that the matrix G
obtain the unique Nash equilibrium e
p  that satisﬁes the equality e
p  ¼ X 1 p . Thus,

(

e
p i

¼

c1 pi ; if i 2 L;
pi ;

otherwise:

The obtained relation shows the connection between the originally obtained vector of the link power action that is Nash
equilibrium of the power control game, and the new one. Since the links i 2 L are such that it is desirable to have as small as
possible power action, we wish to adjust the parameter c to be bigger than 1, and as big as possible. But, since we have that
1 < bL(G), by choosing 1 < c < bL(G) to be sufﬁciently close to the value of bL(G), for each i 2 L, we have that e
p i < pi , while, for


e
i 2 L; p i ¼ pi . Therefore, we have obtained the unique Nash equilibrium that better suites the power constraints of the given
wireless sensor network.
6. Various versions of the power control algorithm and their convergence
In the sequel, we focus on the power control algorithm (brieﬂy PCA), and we are interested to improve its convergence
speed. Since one part of the overall energy consumption in wireless sensor network is spent in calculation, used to implement the PCA, the complexity of calculation, and the speed of convergence are issues that should be treated. We start with
the observation that PCA consists of the inner iteration and outer iteration. The inner iteration is the power allocation vector
update (step 2), performed at each step l. The outer iteration consists of the tax rate update through broadcast message vector. The original algorithm that was given in [14], in step 2 of PCA performed, at each link, a ﬁxed point iteration, using the
best response function of the concerned link. Namely, the inner iterative procedure is given by p(k+1) :¼ B(p(k)) = [B1(p(k)),
B2(p(k)), . . ., Bn(p(k))]T, for any p(0), and all l 2 N. Equivalently, this can be written as:
ðkþ1Þ
pi

li

X

i

j2Nnfig

1
:¼ ðlÞ 
g i;i
t

!
ðkÞ
g i;j pj

þ ni ;

ð21Þ

for i 2 N and k 2 N, where p(0) is arbitrary. When, at some step k0, the iterative approximation is satisfactory, the link power
allocation at that step is, then, forwarded to the outer iteration, i.e., to the tax rate update. The convergence of this procedure
was obtained through the argument that the best response function of the link i is a contraction. The described procedure can
be seen as distributed one, meaning that the power update for link i is obtained by the calculation that can be implemented
using exclusively the information that link i is capable to measure. Therefore, each link is capable to make its own power
update, using the actual power consumption vector of the overall network. The similar argument stands for the tax rate update, too. Finally, under the assumption that the gain matrix is SDD, the authors proved the asymptotic convergence of the
game, and, thus, the convergence of PCA.
Here we will address only the inner iteration. We propose new iterative procedures, discuss their implementation and
convergence. The main idea is based upon the fact that the locally optimal equilibrium p⁄ can be obtained as the solution
of the linear system (8). Under the assumption that the overall gain matrix is an H-matrix, in the previous considerations,
we have proven the asymptotic stability of the game (6), and, hence, obtained the convergence of the PCA. Therefore, if
we obtain, under the same condition, the convergence of the new procedures for the inner iteration, the modiﬁed PCA will
also converge to the Nash equilibrium of the power control game (6).
Given wireless network with the certain topology of n links and the overall gain matrix G = [gi,j] 2 Rn,n, with
DG = diag(g1,1, g2,2, . . ., gn,n), we denote BG :¼ G  DG. For the ﬁxed tax rates t = [t1, t2, . . ., tn]T of the power control game (6),
we have, as before, Dt = diag(t1, t2, . . ., tn). Let, again, n 2 Rn be the noise vector, and l 2 Rn the vector of dual variables in
the power control subproblem (3) of the cross-layer optimization problem (1). If G is an H-matrix, then, the locally optimal
vector of the link power allocation p⁄ is the unique solution of the system of linear equations

Gp ¼ DG D1
t l  n:

ð22Þ

1
If we use the splitting of the matrix G = DG  BG, then we can write (22) in the ﬁxed point form p ¼ D1
G ðBG p  nÞ þ Dt l, and
1
ðkÞ
deﬁne the iteration procedure pðkþ1Þ ¼ D1
ðB
p

nÞ
þ
D
l
.
Since
we
took
the
Jacobi
splitting
of
the
system
matrix
G, the
G
G
t
iterative method is the famous Jacobi iteration. On the other hand, it is easy to see that this procedure is exactly (21), the
one proposed by Yuan and Yu.
The other fundamental procedure in the theory of iterative methods is, off course, Gauss–Seidel iteration scheme. Given
a matrix G = [gi,j], consider the standard splitting G = DG  LG  UG, where DG is a diagonal matrix, while LG and UG are,
respectively, strictly lower and strictly upper triangular matrices. More precisely, let D = diag(g1,1, g2,2, . . ., gn,n), L = [li,j],
where

li;j ¼

g i;j ; j < i;
0;

otherwise;
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and U = [ui,j], where

ui;j ¼

g i;j ; j > i;
0;

otherwise:

Then, Gauss–Seidel itarative method for the system (22) can be written as:

DG pðkþ1Þ ¼ LG pðkþ1Þ þ U G pðkÞ  n þ DG D1
t l;
for k 2 N.
In the form of the power update procedure for each link i 2 N, we obtain
ðkþ1Þ

pi

:¼

li


ðlÞ

ti

!
i1
n
X
1 X
ðkþ1Þ
ðkÞ
g i;j pj
þ
g i;j pj þ ni ;
g i;i j¼1
j¼iþ1

ð23Þ

for i 2 N and k 2 N.
Here, we assume that the link 1 is ﬁrst to update its power, then link 2, link 3, and, ﬁnally, the link n. Since the system
matrix is an H-matrix, it is well known that Gauss–Seidel iterative method is globally convergent. But, although there are
many examples where the Gauss–Seidel iteration is preferable than the Jacobi iteration, we cannot state that, in general, iterative procedure (23) works faster than (21).
While often performing faster then Jacobi iteration, Gauss–Seidel iteration has, in this case, a signiﬁcant drawback.
Namely, due to the sequentiality, the link that has to update its power has often to wait its turn. But this is not necessary,
since each link is updating its power with the data it has already collected. Therefore, the Gauss–Seidel procedure, while in
theory good, behaves rather poorly in the wireless sensor networks due to the link’s computational standby time in the iterative procedure in the step 2. of PCA. The answer to this drawback of Gauss–Seidel is the chaotic asynchronous relaxation,
developed by Chazan and Miranker in [4]. Without going into detailed notation, we remark that this algorithm uses the same
rule as (21), while the power levels on the right hand side are not necessarily from the same iteration step. Namely, each link
uses the most recent powers of other links to update its own. The main value of this algorithm is that, in a wireless sensor
network, it behaves very good, in a way that it avoids the link standby time due to asynchronous computations in power
update iterations, while it allows the distributed implementation. The only issue that needs to be addressed is the convergence. But, the fundamental theorem on the chaotic asynchronous relaxation states that this iterative method converges if
all the eigenvalues of the modulus of the Jacobi iteration matrix lie inside the unit disk, in our case, if qðjD1
G BG jÞ < 1. But, if




.
Since
G
is
an
H-matrix, then
the overall gain matrix G is an H-matrix, this is true. To prove it, assume that k 2 r D1
B

G
G
there exists a positive diagonal matrix X = diag(x1, x2, . . ., xn), such that GX is an SDD matrix. But, from (16), there exists i 2 N,

 

P
g i;j xj


such that k 2 Ci X 1 D1
j2Nnfig g i;i xi < 1. So, implementing the chaotic asynchronous relaxation proG BG X , and, hence, jkj 6
cedure in the step 2. of PCA, the algorithm will converge to the unique and stable Nash equilibrium of the power control
game.
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V. Kostić, Lj. Cvetković, R.S. Varga, A new Geršgorin-type eigenvalue inclusion set, ETNA (Elec. Trans. Numer. An.) 18 (2004) 73–80.
R. Machado, S. Tekinay, A survey of game-theoretic approaches in wireless sensor networks, Comput. Networks 52 (16) (2008).
R.S. Varga, Geršgorin and His Circles, Springer-Verlag, New York, 2004.
J. Yuan, W. Yu, Joint source coding, routing and resource allocation for wireless sensor networks, in: IEEE International Conference on Communications
(ICC), 2005.
J. Yuan, W. Yu, Distributed cross-layer optimization of wireless sensor networks: a game theoretic approach, in: Proceedings of the GLOBECOM2006,
San Francisco, CA, USA, 2006.

